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In this paper we consider same series attashed to the Smarandache function (Dinchlet 
senes and other (numencal) senes). Asunptouc behaviour and convergence of these senes 
18 elablished. 


1. INTRODUCTION. The Smarandache function S: 4°» N° is defined [3] such that 
5(7) is the smallest integer n with the Property that n! is divisible by nif 
n= py PE pe (1.1) 

is the decomposition into primes of the positiv integer n, then 


Sim) =max Sip? ) (1.2) 


be ade! a ; 
and more general if nV m is the smallest commun muluple of n, and n, then . 


Sim ¥ n) = max(S(m), Sinz). 


Let us observe that on the set N of non-negative integers, there are two latticeal structures 
i a I 
generated respectively by V= max, A = min and Y = the last commun multiple. A = the 
d 
greatest commun division. if we denote by «< and <, the induced orders in these lattices, It 


results 
d 
Sini V a2) = S(ny)V Sinz) 


The calculus of sip?) depends closely of two numerical scale, namely the standard scale 


(P): 1, p, p’,....p%,... 
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and the generalised numencal scale [p] 


Lp] : 4,(P), 2,(P), vey a,(P), tee 
where a (p) = (p*-1)/(p-1). The dependence is in the sens that 
Sip?) = Papp) (1.3) 


SO, S(p*)is obtained muluplyng p by the number obtained wniting a in the scale [p] and 
"reading" it in the scale (p). 

Let us observe that if b (p) = p° then the calculus in the scale [p] is essentialy different 
from the standard scale (p), because : 


byi(P) = pb,(p) but a,,,(p) = pa,(p) + 1 
(for more details see [2] ). 
We have also [1] that 


S(p*) = (p - 1)a + opia) (1.4) 


where oj,)(a)is the sum of digits of the number u wnten in the seale [p]. 
In [4] it is showed that if 9 is Euler's totient function and we note Sa) = S¢p*) then 


Spp) = gp") +p (1.5) 


It results that ap") = 5p" j-p so 


gn) = n (so? -P }. . 


In the same paper [4] the function S is extended to the set Q of rational numbers. 


2. GENERATING FUNCTIONS. It is known that we may attashe to cach numencal 
function f:N*-->C the Dirichlet serie : 


D42)= È 4 (2.1) 


which for some z= x + iy may be convergent or not. 
The simplest Dirichlet series is: 


3(2) = È 4 (2.2) 


called Riemann’s function or zeta function where is convergent for Re(z) > 1. 

It is said for instance that if f is Möbius function ( u1) = 1. p (pP, P: P) = (-1)' and y(n) 
= 0 if n is divisible by the squar of a pnme number ) then 1D, (z) = 1/3(z) for x>1. and if fis 
Euler's totient ftuncuon ( ọ(n) = the number of positive integers not greater than and prime to 
the positive integer n ) then D,(z)=3(z-1)/3(z) tor x>2 ). 

We have also Da(z) = 37(z), tor x > 1, where d(n) is the number of divisors of n, 
including 1 and n, and D-,(n) = 3(z)-3(z-k) (for x > 1, x > k+1), where oim) is the sum of 
the k-th powers of the divisors of n. We write ofn) tor c (n). 
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In the sequel let we suppose that z is a real number, so z= x. 
For the Smarandache function we have: 


e” 


D(x) = £ 22 


If we note: 
Fr(n) = 2 AH 
it is said that Möbius function make a connection between f and I? by the inversion formula: 
finy= Fray?) (2.3) 


The functions F; are also called generating functions. 
In [4] the Smarandache functions is regarded as a generating function and is constructed the 
function s, such that: 


s(n) = we, Sky. 
2.1. PROPOSITION. For all x > 2 we have : 
Gi) 3(x)< D(x) s 3(x-1) 
i) 1 < D. (3)< Dx) 
(ii) 3°(x) < D, Ax) S3(x)3(x-1) 


Proof. (i) The asertion results from the fact that | $s S(2)< n. 
(ü) Using the multiplication of Dirichlet series we have: 


D D ` : 
—— . D(X) -($ ae \( § 2] = pi 1)S( 1) pg RUA 5 
3(«) aa fe Zoi S eT 


LYK NDAs) MAA e adh 1) =S 
RAAS adaa, 2 Bitty 


and the asertion result using (i). ü 
(ii) We have j T : 

3(x)-D,(x) = E =j Ë 2) = §(1) a ee = D, 4X) 
so the inequalities holds using (i). 


Let us observe that (iii) is equivalent to 0,(X) < D,. < Dol X) . These inequalities can 
be deduced also observing that from 1 < An) s n it result: 


2 Le È Sk)s E 


à Sga fou Angr 
dn) s F,(n) so(n) (2.4) 
But from the fact that F, < n + 4 (proved in [5]) we deduce 


An EAn sng (2.5) 
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Until now it ts not known a closed formula for the calculus of the functions D 4x), DS AX) Or 
Dss ix), but we can deduce asimptotic behaviour of these functions using the following well 
known results: 
2.2. THEOREM. (i) 3(z) = +00) 
(ii) In3(z) = in— + O(z-1) 
(iii) 3'(z) = “Gy 790) 


for all compiex number. 
Then from the proposition 2.1 we can get inequalities as the fallowinys: 


(1) TOU) s Ox) s + 1) 





(ï) 1<D,,(x)s eT for some positive constant A 
(iil) -zz + OC) < DY (x) < -zi + (1). 


The Smarandache functions S may be extended to all the nonnegative integers defining 
S(-n) = S(n). : 
In [3] it is proved that the serie 


pam 
1 


n 8 


Ke 
& 


a 3 


is convergent and has the sum q € (e-1,2). 
We can consider the function 


-$ 3 
f(z)= È eae 


convergent for all z € C because 


fini _ Kati) m 


= AAT as SER E 
an (rade) ~ (ee dae) ~ ICa) 
€ al A 


and so =~ + 0 

2.3. PROPOSITION. ‘The function f statisfies Wizi < qz an the unit disc 
U(0,1) = {z| |zi < 1}. 

Proof. A lema does to Schwartz asert that if the function f is olomorphe on the unit disc 
U(0,1) = { z| [za < 1} and satisfies f(0) = 0, |(z)| < 1 for z € U(0,1) then \f{(z)} sizi on 
U(0,1) and |f (Oy < 1. 


For izi < 1 we fave jf(z)| < q so (1/q) f(z) satisfies the conditions of Schwartz lema. 


3. SERIES INVOLVING THE SMARANDACHE FUNCTION. In this section we 
shall studie the convergence of some series concerning the function S. 

Let b: N*~>N* be the function defined by: b(n) is the complement of n until the 
smallest factorial. From this definition it results that b(n) = (S(n)!)/n for all n e N*. 
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3.1. PROPOSITION. The sequences (b(n)),.,; and also (b(n)/n*),., for keR. are 
divergent. 

Proof. (i) The asertion results from the fact that b(n!) = 1 and if (p,),-1 is the sequence 
of prme members then 


(ii) Let we note x, = 5(n)/r*. Then 


Xr = oy 
A 
and for k > 0 it results 
~ 7 May nm 
eat = Ge! ane T? 0 
— Pet _ OD! Prr Pe 
Xpa ua Qa)! (p.)**! > pi?! Pan 


because it in said [6] that p, p,-... Pai > Pa“? for n sufticiently large. 


3.2. PROPOSITION. The sequence T(n) = 1+ i rer - In O(m) is divergent. 

Proof. If we suppose that lim 7(n)=/< æ, then because = mm = @ (sev [3]) it results 
the contradiction jim In (7) = 0. 

If we suppose im T(n) = -—0, from the equality nin) = 1 + a -= Tın) it results 
jim in&(n) =o, 


We can't have lim T(n)= +œ because T(n) < 0. Indeed, from i < SC)! for i2 2 it results 
i/ S(i)t < lforalliz 2 
= pr an Le = -~l)- x = 
Tipn)= 1+ Bot... + Be - in((p, - 1!) < 14 (p, - 1) - inp, - WD!) = 


= Pn- In((p, -1)!). 


But for k sufficiently large we have e*<{k-1)! that is there exists me N so that P< Iniig,- I) 
for n 2 m. It results p, - In((g, - 1)!) < O for n 2 m, and so T(n) <0. 


Let now be the function 


Ho(x)= on). 


3.3. PROPOSITION. The serie 


Z H, (n) (3.1) 


R2S 
is convergent. 
Proof. the sequence (b(2)+b(3)+ ...+ b(n)), is stricticy increasing to “ and 
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o AD! 


wyr x! 
ae aD 


s 
- 


SD! AI! | Hey AH! _ HD! 
32 t3 7 esas Tacs 


ina Ll $ iy 
XX! + 3)! + X4)! e W) $ X6)! = XS)! 


2 3 4 5 6 5 
SQy A way SY MO ITM) SD 
= =p + 7 = + > a 
so we have 
fins l l 1 } 
=, H, (n) = Sar T aao y Sly KIr Ke S Iw 3) S 7 
ned SMa Set ea Oe ge Ts 
1 
SINS ee : 
ae ae 
2 1 2 4 2 Pret “Pk 
<m tart at at et tpt 
2 3 5 7 ii rE 
ala S paien = T Z Aat, ci pee Pa a + £ Pier he 
m SR! k2 Pt 2012 gan PE 
But (p,-1)! > p,p,...p, for n 2 4 and then 
-i 19 
2 H, (n) < T2 r 2 at 
n22 = R24 
x PaWri-Pe) _ PriitPr . Panka Pras 
where ar = OO = ae) © Pur S PA 


Because p,p....p, > p’,., for k sufficiently large, it results 


Pte; I 
ik Pie Pia : 


and the convergence of the serie (3.1) follows trom the convergence of the serie z EE 
OF kel 


In the followings we give an elementary proof of the convergence of the senes 


——, ae R a>] provides information on the convergence behavior of the series 
F=2 Sk) e JS 


2 


1 
raz HE) 


me 


3.4. PROPOSITION. The series È 


1 . 
———., converges ifa e R anda > |. 
Fez A)“ SAEN re 


Proof. 
TE ES E SPEE PEE E i E E E E a 
m Iye eE a aog se ao vaT ae a eye 


where m, denotes the number of elements of the set 


M, { keN*, S(k)=t } = { ke N*, k | t and k | (t-1)! }. 
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It follows that M, { ke N*, k | t } and there fore m<d(t!). 
Hence m, < 2,/t! and consequently we have 








So, z PIi converges. 


3.5. PROPOSITION. (t Jt <t ifaeR, a> l andt> ie = [ett], r: N*. (where 
[x] means the integer part of x). 


Proof. 1° ff < 1 œ P< (tio rt <a (2) 
On the other hand 122 < (£)* œ (ept < (5)! co eqip (iy me 25)! (3) 
If te22t! => (f) > (tte = (ett r2a > (e74 yet '-2u 


Applyng the well-known result that e” > 1+ x if x > 0 for x = 2a we have 
(e2a yom! -2a > (e2%)tariti-za = (ẹ?2)? = e^t > 20, 


So, if t > e2**!we fave e™ < (h (4) 


It is well known that ($) < r! if te N*. (5) 
Now, the proof of the proposition is obtained as follows: 


Ift> te = (e?0t] t e Ne we have e? < ($) æ Pa < (£)' < tl Hence t% < r! ift >r and 
this proves the proposition. X 
CONSEQUENCE. The series © —& converges. 


x w m2 an: 
T mæ z Y i 
Proof. Lw aT where m, is defined as above. 

t>te W edi <i o= >l o So 
Ift>te we have t Jil <t 77 iS aE? T 


Mu 


t dE 





Since È converges it results that k also converges. 

re? t= 
REMARQUE. From the definition of the Smarandache function it results that 
card { ke N*: S(k)=t } = card { ke N*: k | t and k | (t-1)!} = d(t!}-d((t-1)!) 


so we get 


£ caras) = Ear- du- 1)!)) = dn!)- 1 
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